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Introduction 


Our study of surfaces has not made direct use of differential forms, nor of the 
connection and structural equations which we took so much trouble to develop 
earlier. We have pointed out the links with the equations from time to time, now 
we summarize these links and pursue the ‘form’ approach a little further. 


There are two main themes. Firstly, we shall show how differential forms on a 
surface can be used to calculate Gaussian curvature and, hence, how they may be 
used to define Gaussian curvature for surfaces in general. Secondly, we shall return 
to the Gauss map (from a surface to the unit sphere) and link it to area 2-forms 
and Gaussian curvature. 


The first two sections are based on reading O’Neill, Sections 1 and 2. They form 
the beginnings of O’Neill’s program of investigating surfaces from the point of view 
of inhabitants of the surface who know nothing about E. 


Section 3 is based on Section 6 of O’Neill. This section does not depend, in any 
essential way, on the three omitted sections of O’Neill. It contains useful, practical 
methods for calculating Gaussian curvature. 


Section 4 does not have a reading passage from O’Neill. It pulls together the Gauss 
map, area 2-forms and the ‘pullback’ of the Gauss map. 


Section 5 is a brief summary. 


Study advice 

The final TMA for the course has questions on Sections 4-6 of Part V and all of 
Part VI. The following represents a possible plan for study weeks. 

Week 1 O’Neill, Chapter V, Sections 4 and 5. 

Week 2 O'Neill, Chapter V, Section 6 and Chapter VI, Section 1. 

Week 3 O’Neill, Chapter VI, Sections 2 and 3. 

Week 4 Sections 4 and 5 of this text and TMA04. 


1 The fundamental equations 


Read O'Neil, Chapter VI, Section 1, pages 245-250. 


This section draws together a number of the remarks that we have made about the 
links between the shape operator, defined in terms of a unit normal vector field, 
and the connection forms of Part II. 


Throughout this commentary, we shall assume that Æ}, Ez and E3 is an adapted 
frame field on at least part of a surface M. 


Dual 1-forms The dual 1-forms for a general frame field are completely deter- 
mined by the equations 


0;(E;) =o, 7=1,2,3. 
The remark on page 248, that 03 = 0, is a little peculiar, for a tangent vector may 


be attached to a surface in E without, necessarily, being tangent to the surface. 
Such a vector may well have a non-zero £3-component. 


The pullback of the mapping 
F is F*, as defined in 
Part IV, Section 5. 


However, the purpose of this section is to begin disposing of all the concepts that 
belong to the surface because it lies in E®. Tangents to the surface will be retained, 
normals, including £3 will not. Thus 63 disappears along with Ea! 


Remark Once we have the dual 1-forms, all 1-forms on the surface can be ex- 
pressed as linear combinations of 6; and 62, including the connection forms. We 
shall use this fact in Section 3. 


Similarly, all 2-forms on the surface can be expressed in terms of the wedge product 
0, A b2. 


Theorem 1.7 As with many such results in O’Neill, the proof consists of writing 
out the connection and structural equations in full, extracting the particular com- 
ponents required and then substituting any special information. Here the last step 
is to use 63 = 0. 


As an example and reminder, we have 


A, 0 12 13 0i 
d| 0. | = | -w12 0 wz 0; 
03 —U13_ —W93 0 b3 


Matrix multiplication and substitution of 
03 = d03 = 0 


give precisely the first three results of the theorem. 


Exercise 1.1 Suppose that E1, Ez and E3 form an adapted frame field on the 
surface M C E. Suppose also that œ is a curve in M such that the velocity of œ 
is the restriction of Æ, to a. That is, 


Ey(a(t)) = a' (t). 
(a) Explain why, with the usual notation, Vg, V = V’, for any vector field V on a. 


(b) Show that æ is a geodesic if, and only if, w12(£1) = 0. (Hint: Apply the defini- 
tion of geodesic and the result of part (a).) 


Exercise 1.2 This question uses the same notation as the previous exercise. Show 
that the normal curvature along œ is wı3(£1). 


Exercise 1.3 Let T be the torus parametrized by 


x(u, v) = ((R + r cos u) cos 0, (R + r cos u)sin v, rsinu), R>r>0. 


This question indulges in the usual abuse of notation in regarding u and v as being 
defined on T rather than on the domain of x. 


(a) Show that the partial velocities can be used to define orthogonal unit tangent 
vector fields Fy, Eg as follows: 


_ Xu _ Xu 
© lall c7 Tell 

Define the third member Ez of an adapted frame field on T. 
(b) Calculate 


du(Eı), du(E2), do(E\) and do(F). 


tì 


Hence show that the dual 1-forms are given by 
bı =rdu, 0; = (R+rcos u)du. 
(c) By direct calculation show that 
d6,=0, db, = —rsinu du dv 
and deduce that 
sinu 


ba = ——————— 9; A. 
dy R+rcosu 1A^02 


(d) Since w12 is a 1-form on T, it is a linear combination 
w12 = ab; + bha 
of the dual 1-forms. By substituting into the first structural equations 
(Lemma 1.7(1)), show that 
= sin u 
Sim R+rcosu ” 
(e) Show that 
cosu 


— 0 Ab. 
r(R+rcosu) “`? 


đưa = — 


(Hint: When differentiating the expression for œ¡¿ you will need the Leibniz 
property and the value of dô, already found.) 


[Solutions on page 12] 


2 Form computations 


Read O'neill, Chapter VI, Section 2, pages 251-255. 


Erratum ONeill, page 252, the calculation of S(E,), S(E2) and the two lines 
following should read: 
5(EI) = -Ve, Fi 
—(ws1(F1) E1 + w32(£1) E2) 
= wı3(E1) E1 +w23(E1) E2 (alternation) 


S(E2) = — Vg, Fy 
—(ws1(E2) Ey + w32(E2) Ea) 
= wi3(E2) Eì +w23(E2) E2 (alternation). 
Thus the matrix of S with respect to {£1, E2} is 
per = a 
@23(E 1) w23(E2) } ` 


This section gathers together a number of the ideas on which we have already 
remarked in the commentaries to earlier chapters of O’Neill. 


li 


In Part V, Section 3 we obtained the matrix on page 252 and remarked that 
K = (wig Aw3)(E1, E2) = —dw12( E1, E2). 
The observations in Lemma 2.1 immediately give Corollary 2.3. 


It is important to realize that the significance of Corollary 2.3 is not so much that it 
is yet another formula for calculating Gaussian curvature but that it contains only 
forms that belong to the geometry of the surface. None of the items in the formula 


dwi2 = —K0, A b2 
are dependent on the surface being in E°. It follows that, if we want to generalize 


our work to abstract surfaces, Corollary 2.3 can become the definition of Gaussian 
curvature. 


D 


This is not an unfamiliar process. We have already used a lemma: 
a'[f] = (F(a), 


about directional derivatives of functions with respect to the velocity of a curve 
in E, to formulate the definition of directional derivative for functions defined on 
surfaces. 


These exercises continue the investigation of the torus begun in the second exercise 
of the last section. You should use the results obtained there. 


Exercise 2.1 Write down the Gaussian curvature of the torus T. 


Exercise 2.2 Is the frame field (in Exercise 2.1) principal? 


[Solutions on page 13 ] 


3 Orthogonal coordinates 


Read oneil, Chapter VI, Section 6, pages 276-279. 


This section generalizes the work you have done (in various exercises) on the torus. 


The feature that was responsible for simplifying many of the calculations on the 
torus was the orthogonality of x, and x,. The fact that the parameter curves were 
principal was merely a bonus. 


If you inspect the calculations in this section carefully and compare them with the 
solutions to the torus exercises, you should see the analogies. 


Note how, at the top of page 277, O’Neill finally agrees that the abuse of notation 
that we have been committing is reasonable. 


Finding wı2 If you cannot see how O’Neill did the ‘comparison with the first 
structural equations’ on page 277, we suggest the following systematic approach. 


Since w 19 is a 1-form, it can be written 
wig = a du + b dv, 


for some functions a and b on M. 


Thus 
-h du A b2 = dhi 
=w A b2 
= (adu + b dv) A VGdv 
= aVG du dv 
= adu A b2. 


It follows that 
(VE)u 
VG ` 


The value of b is obtained from 


đô; = —w12 A A, 
in exactly the same way. 


Lemma 6.3 We think that O’Neill gives very sound advice. It is the derivation 
of this lemma that is important. For any particular example it is better to work 
directly from the structural equations than to memorize the result of Lemma 6.3. 


When following this advice there is a choice to be made: whether to work in terms 
of du and dv or the dual 1-forms Ø and 6s. 


The calculation of the exterior derivatives is slightly easier in terms of du and dv 
because of the simple formulas 


df = fu du + fy du 
d(df) = 0. 
It is theoretically more ‘elegant’ to work in terms of the dual 1-forms. 
The main difference comes when calculating dw;2. Suppose that 
012 = a du + b dụ = Ƒ01 + 962. 
Then 
dw12 = (da du + ad(du)) + (db dv + bd(dv)) 
= (a, du + ay dv)du + (by du + b, dv)dv 
đụ dv du + by du du 
= (by — au)du du, 
Using the other expansion gives 
dua = (df A 01 + f d01) + (dg A 02 + g dôa) 
= df NO, + dg A 02+ f d + g db 
= df A0 +dg A0 + f w12 A b2 — gwiz A 
= df Ni + dg A 02 + wiz A(fO2 — 961) 
= df NO; + dg A 02 + (01 + 982) A (f02 — 901) 
= df A 0; + dg A 02 + (f? — g7)01 A 0a. 
There is a return for taking the extra trouble to work in terms of the dual 
1-forms. Since df and dg are 1-forms, they can be expressed in terms of Ø and 0a. 


Thus all terms in the expression for dw automatically appear in terms of 6; A 62 
which enables you to read off the Gaussian curvature from 


Il 


dwi = —K0, A b2. 


We continue the investigation of the torus with the usual parametrization. 


Exercise 3.1 Calculate Æ, F and G for the standard parametrization of the torus 
and hence calculate K from the formula in Lemma 6.3. 


Exercise 3.2 This exercise is an alternative approach to Exercise 3.1. 


(a) Using the formulas on page 277, write down expressions for the dual 1-forms 
in terms of du and dv. 


(b) Calculate d0, and dO in terms of du dv. 


(c) Assume that wy) = a du + b dv. and use the first structural equation to find a 
and b. 


(d) Calculate dư; in terms of du dv. 
(e) Use the second structural equation to calculate the Gaussian curvature K. 


[Solutions on page 13] 


4 The Gauss map 


There is no reading from O’Neill for this section. We now take up the second theme 
of this part: the link between the Gauss map, area 2-forms and Gaussian curvature 
in the rather special case of a compact orientable surface. 


We assume the following situation. We have a surface M parametrized by a single 
mapping x(u,v) and the unit sphere X. We shall define a parametrization of the 
sphere shortly. 


We assume that M has a unit normal vector field U obtained from 


ae Ky 
U(x(u,v)) = lexa 


The Gauss map F from M to Ð is defined by 
F(x(u, v)) = U(x(u, v)), 


where we interpret U(x(u,v)) as giving the coordinates of a point on the unit 
sphere. Since U(x(u,v)) is unit length, its coordinate functions do define a point 
on the unit sphere. 


Now we define a parametrization of the sphere by 
y(u, v) = U (x(u, v)) = F(x(u, 9)). 


The sphere Ð also has a unit normal vector field V. Because it is a unit sphere, we 
can see that V has the same coordinate functions as y: 


V (y(u, v)) = y(u, v) = U (x(u, v)) = F (x(u, v)). 


If we ignore points of application, U = V; more precisely, U and V are parallel for 
all values of u and v. 


The Gauss map has a number of interesting properties. We consider two of them. 
Firstly, because, by definition 


y(u, v) = F(x(u,v)), 
we have 


Yu(u,v) = Fx(xu (u, v)), 
Yolu, v) = Fy (xu (u, 9)). 


Secondly, if we ignore points of application in a thoroughly cavalier fashion, 
F.(xu(w,9)) = ČF ælu) 


9 
= 2x0 (x(u,9) 
= Uu(x(u, v)) 
= —S(x,y(u, v)). 
More precisely, we could say that Fy(xu(u,v)) and —S(xu(u,v)) are parallel for 


all u and v. Thus y,,(u,v) is parallel to —S(x,(u, v)) and similarly for the other 
partial velocity. 


Next we define area 2-forms on both surfaces. We need only define their effect on 
the partial velocities as the partial velocities form a basis for the tangent plane at 
each point. 


On M we define the 2-form 7 by 
(Xu, Xv) = Xu x Xụ e U 
and on E we define ¢ by 


C(Yu,Yu) = Yu X Yo V. 


Chapter VII of O’Neill does 
deal with more general 
considerations. 


Here the special case of the 
effect of derived maps on 
page 161 of O'Neill is 
applicable. 


7 pronounced ‘eta’. 


¢ pronounced ‘zeta’. 


We now have two 2-forms on M, the area 2-form ņ defined above and the pullback 
of Ç from E to M via the Gauss map F. This second 2-form is defined by 


(F°O)(Xus Xv) = (Fs (xu), Fe(Xv))- 
We now explore the relation between F*¢ and 7. 


We can calculate the effect of 7 and ¢ on the appropriate partial velocities quite 
easily. 


Nba Ke) HS Ke Kiyo UF 
= ||Xu x x,||U-U (definition of U) 
= llXu x seal: 
Suppose that 
S(Xu) = axy + bx», 
S(xy) = cxy + dxụ, 
for suitable functions a,b, c,d. 
Then 
C(Yu,Yu) =Yu $ yu V 
= (—S(xu)) x (-S(xy)) -U 
= (ax, + bx,) x (CXu + dxy) -U 
= (ad — be)xy x xy -U 


= (ad — be)||xy x v||. 


But ad — bc is just the determinant of the shape operator S, that is the Gaussian 
curvature. Hence 


C¥ur Yo) = Kn(xu, Xu). 
Now consider the pullback *€. 
F* (xu, Xv) = C(Fa(Xu), Fa(Xv)) 
= (Yur Yo) 
= Kn(Xu, Xu). 


We have shown that F*¢ and Kế? agree on the linearly independent pair (xu, Xu) 
at each point so they are equal as 2-forms. That is 


C= 
This provides yet another approach to finding Gaussian curvature. However, it is 
only in some simple cases that such an approach is less trouble than previous ones. 


Perhaps it is of more interest because it generalizes the observation made earlier 
about what happens to areas under mappings. In the simple case of a matrix 
mapping from the plane to itself, it is the determinant of the matrix that controls 
how areas are mapped. In the mapping of a surface to a sphere, it is the determinant 
of the shape operator that controls mapping of area 2-forms. 


Remark: You may have worried that there are two choices for the normal on the 
surface and also on the sphere, hence two area 2-forms on each surface. You may 
care to check that, provided we always define the Gauss map by using the chosen 
normal on M, and hence define V = U, the result is exactly the same. 


We set one, simple, application of the above. 


Exercise 4.1 Let T be the torus parametrized by 


x(u, v) = ((R+rcosu)cosv,(R+rcosu)sinv,rsinu), R>r>0 
and E be the unit sphere parametrized by 


y(u, v) = (cos u cos v, cos usin v, sin u). 
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Part IV, Section 5. 


Let 7 and ¢ be their respective area 2-forms. 
(a) Use the partial velocities to define an outward unit normal vector field U on T. 
(b) Show that, with the above choice of U, 


F:x(u,v) — y(u, 0) 
1s the Gauss map of the torus to the sphere. 
(c) Calculate directly 


n(Xu(u, v), Xu(u, 9)) 


and 


lyu lu v), y, (u, 9)). 
(d) Calculate 


F*C(xu(u, 0), Xy(u, v)). 
Hence deduce the Gaussian curvature of the torus. 


[Solution on page 14 ] 


5 Summary 


This text has mainly been concerned with tying together some of the threads that 
have run through the course. We have shown how the shape operator ties in with 
the connection forms and indicated how this link might be used to define Gaussian 
curvature in more general work. 


There is more in O’Neill than is appropriate to include in a half-credit course. We 
have tried to ensure that the material included is coherent, whilst still providing 
you with a sound basis for further reading. 


Underlying all the theorems and computational techniques are the ideas from 
Chapter I, particularly the linearity and Leibniz properties of the various types 
of derivative. 


You may well have found that the amount of new notation in the early chapters 
was somewhat daunting; by now the reasons for introducing it all should be clearer. 
Differential forms, in particular, provide a notationally cleaner approach than the 
use of tensors that you may find in earlier textbooks. The difference is similar to 
using matrices, rather than always working with coordinates, in linear algebra. 


You should now be able to calculate the ‘curvature apparatus’ for curves and sur- 
faces with some confidence. Although there appear to be quite a large number of 
techniques, they are all based upon use of a small collection of principles. 
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Solutions to the exercises 


Solution 1.1 


(a) By the definition of covariant derivative on a surface 
and the hypotheses about a, we have 


Ve, V = Vw V 
= Vla) 
=V', 
The last step is simply what is meant by V’. 
(b) By definition, a is a geodesic if, and only if, its 
acceleration is normal to M. We must, therefore, 
calculate a” = E}. 


Applying the above result, we have 


Ej = Vp Fi. 
Now we can apply the connection equations to get 
Ei = Ve, E 


= wy2( E1) E2 + wis(F1) E3. 


Since E is normal to M, a is geodesic precisely when the 
E, term in the acceleration is zero, that is, when 


w12(£)) = 0. 


Solution 1.2 
The required normal curvature is 

S(E1) - Eì = —Vø, Es - Ex. 
From the connection equations, 

Va, Es = wai (Fi) FE, + w32( Fi) Ea 

= —wis (E1 )E — wea (E1) Ea. 

Hence 

S(E1) - By = —(-(wis (E1) By — w23 (E1) E2)) - Ey 

= wis(F1), 

as required. 


Note: You could have shortened the working slightly by 
applying Corollary 1.5 directly. 


Solution 1.3 
(a) First, we calculate the partial velocities. 
Xu = (—r sin u cos v, —r sin usin v, r cos u), 
Xv = (—(R + r cos u) sin v, (R + r cos u) cos v, 0). 
We also have 
llx«ll = r, JIxs||= (R + r cos u). 
Thus 
E: = (— sin u cos v, — sin usin v, cos u), 
E = (— sin v, cos v, 0) 
are certainly unit length. It is also clear that 
E E =0, 


so they are orthogonal. The third member can now be 
defined by 


E = Eì x E 


= (— cos u cos v, — cos u sin v, — sin u). 
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(b) Since du and dv pick out the x„ and x, components 
respectively of a vector tangent to T, we have 


Xu 
du(E,) = du (Fz) 


$ 
dolEa) = do (Fe) 
= 1 
~ +rcosu` 

Comparing these with 

8:(E;) = 6, 
we can see that 

du = 16, 

r 
1 

= —— 0. 

R+rcosu °? 
The required results follow immediately. 


dv 


(c) Differentiating 


dô, = dr du 
= Odu 
=0, 
đổ; = d( R + r cos u) dv 
= —r sin u du dv 
Ps se Oa 6; 
Huế A R+rcosu 
sin u 6A8. 


ae R+rcosu 
Substituting into 


đổi = wiz A 62, 
we have 
0 = (a0; + b8) A 0; 
= a0; Ab2 +0 
= abı A b2. 
Hence a = 0 and w 2 = b62. 


Using the second equation 


sin u 
dé. = — 6 A8: 
i R+rcosu ? 
= —b62 A bı 
= bð A0; 
Hence 
ETE sin u 
~ #+rcosu 
and 
l _—_ Sinu 
127” R+rcosu 


(d) Using the hint, we have 


sin u sinu 
d = tÍT 
32 a( Treas) 9 ( Trang) “ 


cos u(R + r cos u) — sin u(—rsin u) 


(R + r cos u)? id 
sin u sin u 
t (a) (aA Nia 
— cosu 
ig -erosa Nba. 


Here we have made use of the result for đ and also 
6, = rdu. 


Solution 2.1 
In the previous section we found that 
cosu 
_ r(R+rcosu) 
Comparing this with 
đứa = —K6; A b2, 


we see that 
5 cos u 


= r(R + r cosu)’ 


dwi? = bı A b2. 


Solution 2.2 
Yes. 


You may well recall that O’Neill has proved that the 
meridians and parallels of any surface of revolution are 
principal curves. However, since the unit normal vector 
field E3 that we obtained is fairly simple, direct 
differentiation shows that E and Ez are principal as 
follows. 


S(E\) = —Vn, Ba 
1 


= -ie E3 (definition of E¡ and linearity) 
u 
=- l 95% 
lxul| Ou 
Í š Z J 
= “res ucos v, sin usin v, — cos u) 
u 
1 1 
= —— Ff, = -F\. 
lixu l| r 


Thus Æ; is an eigenvector of the shape operator and so is 
principal. 


The calculations for S( E2) are similar. 


Solution 3.1 
We have 
Xu = (—r sin u cos v, —r sin u sin v, r cos u), 


Xụ = (—(R + r cos u) sin v, (R + r cos u) cos v, 0), 


and so 
E=r°, 
VE = Tr, 
F=0, (orthogonal patch) 
G = (R+ r cos u)? 
VG= (R+ rcos u) 
1 1 


VEG r(R+rcosu)' 


Hence 
(VG). = -rsin u, 
(VE). =0, 
(VG)u 
VE 


(CBs) =~ cass, 


= —sinu, 


VE 
(C2) =0. 
vũ /, 
Substitution now gives 


cos u 
a 
r(R+rcosu) 


Solution 3.2 


(a) Using the calculations above, we have 


0 = VE du 
=rdu. 
b2 = VG dv 
= (R + r cos u)dv. 
(b) We have 
đổ) = dr du 
=0, 


d62 = d(R + r cos u)dv 
= (—r sin u du + 0 dv)dv 
= —r sin u du dv. 


(c) Substituting in 


dO, = w12 A 62 
gives 
0 = (adu + bdv) A ((R + r cos u) dv) 
= a(R + r cos u) du dv. 


It follows that a = 0. 
Substituting into 
dz = —ứ¿ A b1 


gives 
—r sin u du dv = —(a du + b do) A (r du) 
= 0 — rbdv du 
= rbdu dv. 
Thus b = —sin u and 
wi2 = — sin u dv. 


(d) From the last answer 
đưa; = d(— sin u) dv 
= — cos u du dv. 


(e) We substitute into the second structural equation. 


dwi2 = — cos u du dv 
= —-K6, A $2 
= —K (r du) A ((R + r cos u) dv) 
= —Kr(R +4 r cos u) du do. 
Hence 


—Kr(R + r cosu) = — cosu 


and so 
cos u 


vn r(R +rcos u) 
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Solution 4.1 


Since we shall require them, we calculate all the partial 
velocities to begin with. We suppress the parameters. 


Xu = (—r sin u cos v, —7 sin usin v, r cos u), 

Xv = (—(R + r cos u)sin v, (R + r cos u) cos v, 0), 

Y„ = (— sin u cos v, — sin u sin v, cos u), 

Y, = (— cos u sin v, cos u cos v, 0). 
(a) We have 

Xu X Xy = r(R + r cos u) 

x (— cos u cos v, — cos u sin v, — sin u). 

We are specifically asked for the outward normal. By 
looking at the special case u = v = 0, we obtain the 
possibilities 

+(1, 0,0) 
for the normal at the point 

(R+ 7, 0,0) 
which is on the outer ‘equator’ of the torus. Thus 


choosing the positive sign gives the outward normal 
which will be 


U = (cos u cos v, cos usin v, sin u). 

(b) Since 
U(x(u,v)) = y(u, 9), 

F does define the Gauss map. 

(c) From the calculations above, we can see that 
Xu X Xu = —r( + rcos u)U, 
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so 
(Xu, Xu) = Xu X Xv U 
= —r(R+rcosu)U -U 
= —r(R + rcos u). 
From the expressions for the partial velocities of y, and 


the fact that U and V have the same coordinate 
expressions, we have 


Vg XY = (— cos? ucos v, — cos” usin v, — cos usin u) 
= —cos u V. 
Hence 
C(Yur Yo) = Vu XV V 
=—cosu V. V 
= — cosu. 
(d) Using the definitions 
F°C(xu, Xv) = C(Fa (xu), Fe(Xv)) 
= UYY.) 
= — cos u. 


From what we have calculated so far, we can say that 


“ a cos u 
F'C(xu, Xv) = iin 


It follows that 
ise, cosu 
EOF 7(R+rcosu)” 
and so 

y cos u 


Ke r(J +rcos 1u)“ 


Note: If you do not choose the outward normal, but do 
everything else consistently, you would arrive at the same 
result. 
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